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“ 2-1 “ 2
1
$k=(k_{1},k_{2}, \ldots,k_{n})$ $k_{1}\geq 2,$ $k_{j}\in \mathbb{N}(i=$
$1,2,$ $\ldots,n)$ $k$
$\zeta(k)=\zeta(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m1>m2>\cdots>m_{n}>0}\frac{1}{m_{1}^{k_{1}}m_{2}^{k_{2}}\cdots m_{n^{n}}^{k}}$
(MZV)
$\zeta^{\star}(k)=\zeta^{\star}(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m_{1}\geq m_{2}\geq\cdots\geq m_{n}>0}\frac{1}{m_{1}^{k_{1}}m_{2}^{k_{2}}\cdots m_{n^{n}}^{k}}$
(MZSV) $k$ weight wt(k),
depth $dep(k)$ , height ht(k) $k_{1}+k_{2}+\cdot$ $\cdot\cdot+k_{n},$ $n,$ $\#\{j|k_{j}\geq$
$2\}$ weight MZV MZSV
$\zeta(2,1)=\zeta(3)$ , $\zeta(2,1,1)=\zeta(4)$ , $\zeta(3,1)=\frac{1}{4}\zeta(4)$ $\zeta(2,2)=\frac{3}{4}\zeta(4)$ ,
$\zeta(2,2_{\tilde{n}}. . , 2)=\frac{\pi^{2n}}{(2n+1)!}, \zeta(_{\frac{3,1,3,1,\ldots,3,1}{2n}})=\frac{2\pi^{4n}}{(4n+2)!},$
lRIMS (2010 9 6$\sim$9
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weight $\mathbb{Q}$
4 $\mathcal{Z}_{0}=\mathbb{Q},$ $\mathcal{Z}_{1}=\{0\},$ $k\geq 2$
$\mathcal{Z}_{k}=\sum_{k\in I_{0}(k)}\mathbb{Q}\zeta(k)$ $\mathcal{Z}=\sum_{k\geq 0}\mathcal{Z}_{k}$
$I_{0}(k)$ weight
$k$ $\mathcal{Z}_{k}\cdot Z_{k’}\subset \mathcal{Z}_{k+k’}$
$\{d_{k}\}$ $d_{0}=1,d_{1}=0,d_{2}=1,$ $k\geq 3$
$d_{k}=d_{k-2}+d_{k-3}$




1 (Terasoma [11], Deligne-Goncharov [2]). $k\geq 0$
$\dim_{\mathbb{Q}}\mathcal{Z}_{k}\leq d_{k}.$
2MZSV
$k(ht(k)=s)$ $\{a_{1}, b_{1},a_{2}, b_{2}, \ldots, a_{s}, b_{S}\}$
:
$k=(a_{1}+1,1,1,.., 1, a_{2}+1,1,1,.., 1, \ldots\ldots, a_{s}+1,1,1,.1)\tilde{b_{1}-1}.\tilde{b_{2}-!}.\tilde{b_{s}-}.1^{\cdot\prime}.$
$k$ $k’$ :









$\mathcal{R}=\mathbb{Q}\{\zeta(2),\zeta(3), \zeta(5), \zeta(7),\zeta(9), \ldots\}$
$\mathcal{R}_{k}$ $\mathcal{R}$ weight $k$
$\mathcal{R}_{2}=\mathbb{Q}\zeta(2) , \mathcal{R}_{3}=\mathbb{Q}\zeta(3) , \mathcal{R}_{4}=\mathbb{Q}\zeta(2)^{2},$
$\mathcal{R}_{5}=\mathbb{Q}\zeta(5)+\mathbb{Q}\zeta(2)\zeta(3) , \mathcal{R}_{6}=\mathbb{Q}\zeta(3)^{2}+\mathbb{Q}\zeta(2)^{3},$
$\mathcal{R}_{7}=\mathbb{Q}\zeta(7)+\mathbb{Q}\zeta(2)\zeta(5)+\mathbb{Q}\zeta(2)^{2}\zeta(3)$ ,
$I_{0}(k, n, s)=\{k| wt(k)=k, dep(k)=n, ht(k)=s\}$
3 (MZSV (Kaneko- $O$ . [5])). $m,$ $n\geq s\geq 1$
:
$(-1)^{n} \sum_{k\in I_{0}(m+n+1,m+1,s)}\zeta^{\star}(k)-(-1)^{m}\sum_{k\in I_{0}(m+n+1,n+1,s)}\zeta^{\star}(k)\in \mathcal{R}_{m+n+1}.$
3 (height 1 (Kaneko- $O$ . [5], Yamazaki [12])).
$s=1$
$\sum_{n,m\geq 1}\{$ $(-1)^{m}\zeta^{\star}(m+1,1,1, \ldots, \sim m1)\}x^{m}y^{n}$
$\sim n1)-(-1)^{n}\zeta^{\star}(n+1,1,1,$ $\ldots,$
$= \psi(x)-\psi(y)+\pi(\cot(\pi x)-\cot(\pi y))\frac{\Gamma(1-x)\Gamma(1-y)}{\Gamma(1-x-y)}.$
MZSV 2012 Li





4 (2-1 ( $O$ .-Zudilin [10])).
$\zeta^{\star}(2,2_{s}\ldots,21,1, \ldots,2,2_{Sp}. . , 21)\sim_{1}’\frac{2,2,\ldots,2}{s2},\sim$
’
$= \sum_{k}(-1)^{\ell-dep(k)}2^{dep(k)}\zeta^{\star}(k)(=\sum_{k}2^{dep(k)}\zeta(k))$
$k=$ $(2s_{1}+1$ $2s_{2}+1\square \ldots\square 2s_{\ell}+1)$





4 ( $O$ .-Zudilin [10]). $n\geq j\geq 1$
$\ell=k-2,$
$s_{1}=1,$ $s_{2}=s_{3}=\cdots=s_{k-2}=0$
5 (Weighted sum formula ( $O$ .-Zudilin [10])). $n\geq 3$
$\sum_{J^{=2}}^{n-1}2^{j}\zeta(j, n-j)=(n+1)\zeta(n)$ .
Weighted sum formula depth 2
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